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state-space approach (Zadeh and Polak, 1969) was first used in forestry by García (1994) , and 96 has become a common approach for modelling forest dynamic systems (e.g. Diéguez-Aranda of the system at any point in time in such a way that given the present state the future does 99 not depend on the past, i.e. it is assumed that the state information is enough to determine the 100 behaviour of the system from that time on. This state is defined by a vector of variables, and 101 it is then assumed that two stands with the same values for these variables will behave equally 102 regardless of how they reached that state.
103
As silvicultural treatments generally occur at specific times and cause instant changes in 104 the state, we can assume that the inputs (system control variables) are given by a vectorũ, 105 and we denote by x(t) the finite-dimensional vector of the system state, and by y(t) the finite- 
2. An output function g value of any other variable of interest (y(t)) as a function of the current state (x(t)). 
Functions h, n, and g are often smooth (usually h, n, g ∈ C ∞ (R + ×R + ×R + )) and, obviously, 
where H(t 
have the same smooth properties as h, n, and g in their respective domains: 
In a similar way, if we have the output function g, we can also give a explicit expression of 159 the system outputs in terms of the initial state (x(t 0 ) = (H 0 , N 0 , G 0 )), the control variables (ũ), 
2. At any time after the first thinning, but considering that it was done in t 1 with an inten-
164
sity I 1 and a type of thinning given by R 1 ,
3. Removed in the first thinning,
Remark 1. Generically, the volume removed in the i th thinning will be:
where, in turn, N i and G i are given, as in (13) and (15), by the recurring formula
As defined, it is evident that all functions N i and G i have the same smoothness as n and g 170 respectively. Moreover, by asumming that i .
172

Optimal stand management
173
The optimal management of a stand implies selecting the silvicultural prescription that max-
174
imizes the specified objective function (e.g. mean annual volume increment, soil expectation 175 value). For that purpose, we search the number of thinnings that must be applied (n t ∈ N∪{0}), 176 the timing (t i ≥ 0, i = 1, . . . , n t ) of each thinning, its intensity (I i ∈ (0, 1), i = 1, . . . , n t ) and type
177
(defined by its removal relation R i ∈ (0, 1], i = 1, . . . , n t ), and finally the timing of clearcutting 178 (t n t+1 ≥ 0). Technologic, logistic or economic restrictions limit the possible number of thinnings 179 and, therefore, considering that n t must be a small number (generally lower than 5), we can 180 eliminate it from the decision variable and maximize the objective function for each value of n t 181 accepted (instead of one problem we will have to solve several, but in all of them n t will be a 182 given value).
183
Thus, once set the value of n t , the vector of decision variables of the problem is
. The logistic and economic restrictions men- 
for the intensities and removal relations of each thinning, and upper bound for the clearcutting 189 age (T > 0). With all of this, the set of allowable actions is given by
which results closed, bounded, and convex.
191
The optimal stand management is to solve, for all possible values of n t , the problem
where J(u) is the objective function of the stand, defined from functions F and g. In the removed stand volume to a specified top diameter limit in the i th thinning. In a similar way,
provides an estimate of the same top diameter limit volume at the rotation age (t = t nt+1 ).
209
The revenues will be obtained by multiplying the volume by size assortments times its corre-210 sponding expected price.
211
In general, the following n a ∈ N size assortments are considered:
212
• Type 1: stand volume with top diameter limit less than d 1 > 0, with a price p 1 .
213
• Type j (with j = 2, . . . , n a − 1): stand volume with diameter between d j and d j−1 , with 214 a price p j .
215
• Type n a : stand volume with top diameter limit larger than d na−1 , with a price p na .
216
If we define d 0 = 0 and p 0 = 0, the revenues obtained at each harvest i, for i = 1, . . . , n t+1 , will
Finally, the present value of those revenues for an r ∈ [0, 1] annual discount rate will be
Costs
220
Stand management implies several cost types: 
where f p is the plantation cost, f rm is the replanting and management cost of the t rm will be
where c i is the number of planned actions in time interval (t i , t i+1 ). at rotation age. Therefore, if high pruning is done only once at time t hp , the corresponding 242 costs will be of the form 
Therefore, harvesting costs are of the form
where functions s i (N ) are those of harvesting cost i.
250
Finally, the function of total management costs of the stand will be
D r a f t 15
Analysis and numerical resolution 252
We assume that h, n, g, and v are sufficiently smooth (i.e. class C ∞ ). As stated, functions H,
are class C ∞ and, consequently, function R, given by (29), is also C ∞ .
254
The smoothness of C, given by (35) In the present case study, the decision variable indicated in section 2.3 included the rotation 
305
In this case, the vector of decision variables of the problem results 306 u = (t 1 , I 1 , . . . , t nt , I nt , t nt+1 ) ∈ R 2nt+1 , for n t = 0, 1, 2, 3. Table 1 ), which were defined after consulting various forest associ- 
330
[ 
f rm (N ) = 150 + 0.217N (replanting and scrub clearance, t rm = 1), 4. Harvesting:
where: 
2.548N nt (
Numerical results
367
We tested the three approaches (SQP, HJ, and DE) using 16 example stands which differ in site 368 index (S, the dominant height expected at a reference age of 20 years) and number of stems per 369 hectare at plantation. The optimal results are shown in table 2.
370
[ that might make the algorithms stopping in local maxima.
397
Table 2 also indicates the number of thinnings of the optimal silvicultural prescription that 398 maximizes the SEV. The general trend of the optimal prescription implies to carry out thinnings 399 of the highest intensity allowed (45%) and cuttings at the minimum time interval (5 years, except 400 in the three example stands of lower quality -S = 7 m-and higher density -N 0 = 900, 1300, 401 1700 trees ha −1 -in which the clearcutting is delayed 2.5, 6.5, and 11.2 years, respectively). 
